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Abstract—In autonomous vehicle systems, it is paramount to
detect other objects in the vicinity and track their movement.
Extended Object Tracking (EOT) provides a convenient frame-
work for tracking objects using high-resolution sensor data by
defining models for the object’s spatial dimensions (a.k.a. extent).
In maritime applications, the objects of interest are mainly other
maritime vessels, and these vary greatly in shape and size. This
diversity proves to be a challenge for defining general extent
models that both give accurate representations for most vessels
and that do not depend on a large number of parameters.
In this paper, a general three-dimensional low-parameter ship
hull model designed for EOT is presented. The presented extent
model is constructed by intertwining a polynomial representation
along the vertical direction with a frequency representation
along the horizontal plane. However, to reduce the dimension
of the parameter space without compromising its accuracy, the
horizontal frequency representation is modified by performing a
Principal Component Analysis (PCA). In particular, this extent
representation does not require an underlying discretization grid,
which makes the model scalable and therefore well-suited for
modeling objects that vary greatly in size.

Index Terms—Extended Object Tracking, Statistical Modeling,
Principal Component Analysis

I. INTRODUCTION

Object tracking is the problem of estimating and predicting

the movement of objects of interest present in the surroundings

over time using the available sensor information. The classical

approach to object tracking is to assume that the spatial

dimensions of each target can be modeled as a single point. In

other words, the target’s spatial dimensions, also referred to

as its extent, are assumed to be negligible. Hence, in classical

point object tracking, the measurements associated with a

target are directly related to the movement of the extent-less

single point via a measurement and a kinematic model.

In contrast to point target tracking, EOT does not neglect

the spatial dimensions of the target and utilizes an extent

model to relate the measurements associated with the target

to its kinematic state. The addition of an extent model adds

complexity to the tracking algorithm as not only the kinematic

state variables have to be determined using the available

measurements, but also the parameter values for the addi-

tional extent model. Furthermore, during estimation, the added
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task of determining to which points on the target’s extent

the associated measurements belong to, has to be solved.

Although estimating the target’s extent may be beneficial

in many applications, such as providing safety margins for

collision avoidance or helping classify the object and its likely

intentions, the main motivation behind introducing an extent

model is that it allows for a better prediction of the target’s

motion in the immediate future by utilizing a more accurate

overall model.

Another argument for advocating for EOT instead of the

classical Point Object Tracking is that the resolution of modern

sensors is so high that the extent-less point assumption breaks

down, and it is necessary to define an extent model in order to

relate the many available measurements to the target’s kine-

matic state. If we take this argument to heart, then one would

also advocate for three-dimensional extent models because the

high resolution of modern sensors is in most cases present

in all three spatial directions. For example, LiDAR sensors

provide three-dimensional point clouds of range measurements

with high-resolutions along both the horizontal and vertical

directions. However, most extent models found in the litera-

ture, especially in the case of maritime applications, are two-

dimensional in the sense that the object’s movement, its extent,

and the measurements are only considered along the horizontal

plane. This projection onto the horizontal plane introduces

challenges in modelling and estimation. For example, the

projection of measurements that actually lie on the surface

of the extent may now lie in the interior of the projected

two-dimensional extent. The introduced modeling errors may

be alleviated by defining ad hoc measurement models. The

Random Matrix approach [3] and the measurement model in

[9] are examples of such solutions.

Three dimensional extent models are mostly found in urban

or automotive applications, where they are used to describe

objects that do not vary much in size or shape such as

pedestrians, bicycles and automobiles. These objects may be

modelled using fixed shape extents such as ellipses, lines or

rectangles [4], or by a more general extent model that adapts to

the particular features of the object such as the extent models

developed in [6] and [10].

One of the few examples of three dimensional extent models

for maritime vessels can be found in [2]. Here, a general

three-dimensional extent model based on the combination

of a Fourier representation along the horizontal plane and



a polynomial representation along the vertical direction is

introduced.

The challenges of three-dimensional ship extent modelling

arise from the general requirements on extent models and the

fact that maritime vessels vary greatly in shape and size. In

general, an extent model should depend on as few parameters

as possible in order to not overcomplicate the estimation pro-

cess while also being able to represent the objects of interest

as accurately as possible. This compromise leads to several

challenges in model design for the particular case of maritime

vessels. First, there is the question whether to use an extent

model that assumes a fixed shape or not, as fixed size extent

models require very few parameters. Experience has shown

that fixed shape extent models are ill-suited when applied to

maritime vessels (see e.g. [8]). In such an application, the

estimation algorithm will try to fit the curvature of the fixed

shape model to the part of the vessel that is illuminated by

the sensor at a particular time. However, the curvature of the

hull may vary greatly from one vessel to another. Therefore,

if a fixed shape extent model is used, this may result in a

distorted extent estimate that is only accurate for a small part

of the extent. Fig. 1 illustrates this phenomenon in the case

where an elliptical shape is fitted to point measurements of a

ship hull.
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Fig. 1: Results from fitting a fixed ellipse shape (orange

and green curves) to point measurements (dots) of a ship

extent (blue curve). The elliptical approximations vary greatly

depending on which part of the vessel is being illuminated by

the sensor.

Another challenge that arises when modelling the extent of

maritime vessels is that there is no telling in what type of

superstructures one may encounter over their hull when the

vessel is of a certain size. Therefore, a general extent model

for maritime vessels that also describes their superstructures

is not likely to depend on a low number of parameters.

However, a practical alternative to modelling the whole vessel

is to restrict the modelling task to the hull of the vessel.

The reasons behind this approach are that hulls are always

present in maritime vessels, they constitute a considerable part

of the whole object, and they posses dominant features that

may be represented with few parameters. In addition, one can

determine the position, orientation and intentions of the whole

vessel just by looking at the hull’s pose.

Furthermore, we observe that the extent model for maritime

vessels should preferably not be defined so that there is a

direct relation between the number of models parameters and

the number of points in a discretization of the extent. If such

direct relation were to exist, then the resolution in the extent

approximation will decrease with the maritime vessels size

unless the number of parameters is increased. This effect is

not desirable, as we would prefer an extent model that is able

to represent maritime vessels regardless of their scale with the

same amount of parameters. Due to the observations above,

we advocate in this paper for an extent model tailored for ship

hulls and that scales well with the extent’s overall size.

A. Contributions

A general three-dimensional ship hull extent model that

provides a sufficient approximation with a low-number of

parameters, and that does not depend on an underlying

discretization grid is presented. Although elements of the

developed model can be found in the literature, such as the

use of truncated Fourier series in the horizontal direction and

polynomials along the vertical axis (see for example [2]), the

use of Principal Component Analysis ([5]) on a representative

ship hull data set, and the conscient choice to limit the extent

model to the hull of a maritime vessel, makes the resulting

extent model a novelty.

Furthermore, it is worth to clarify that the contributions

of this paper do not constitute a complete EOT method in

itself, but rather ancillary work towards the construction of

EOT methods for maritime vessels. The presented ship hull

extent model aims to be as general as possible, and may be

in principle combined with any kinematic and measurement

model. However, the extent model is better suited for high-

resolution measurements, such as the ones provided by LiDAR

sensors.

II. THE 3D SHIP HULL EXTENT MODEL

For the purposes of this paper, the concept of ship hull is

defined so that every point on the hull walls pb may be well-

represented by a cylindrical coordinate representation of the

form

pb(θ, h) =





F (θ, h) cos(θ)
F (θ, h) sin(θ)

h



 , (1)

where F (θ, h) is the extent’s radius function.

In order for the cylindrical representation in (1) to be well-

defined, the hull of a maritime vessel is defined as the part of

the vessel that spans from the waterline up to a height H with

the condition that there exist an upwards pointing vertical axis

ẑ, so that for each height level h ∈ [0, H], the corresponding

horizontal slice of the maritime vessel’s extent is star-convex

with respect to the intersection point between the axis ẑ and

the horizontal plane at height h.

In addition, it is assumed that the hull is symmetric along

a vertical plane that contains the axis ẑ. In other words, this



assumption models the port and starboard sides of the hull

as mirror images of each other, as is the case with nearly all

maritime vessels. Under these assumptions, the body frame

attached to the hull is defined with axes (x̂, ŷ, ẑ), where x̂ is

in the symmetry plane and it points to the bow of the vessel,

and the center of the body frame c is the intersection of the

water plane and the axis ẑ.

It follows from this definition that the cylindrical repre-

sentation of the hull walls (port and starboard sides) with

respect to this body frame is indeed given by (1), and that the

radius function F (θ, h) is well-defined. In particular, the task

of determining the hull is equivalent to determining the values

of the radius function F (θ, h) for (θ, h) ∈ [−π, π]× [0, H].
Note that F (θ, 0) corresponds to the values of the hull along

the waterline, while F (θ,H) gives the values of the hull top.

Furthermore, the symmetry assumption on the extent implies

that the radius function F (θ,H) is even on the variable θ.

For some maritime vessels, the hull extent definition intro-

duced above might cover almost the whole vessel, while for

many other vessels the hull extent might only correspond to

a small part of the actual hull. In any case, the introduced

hull definition is sufficient for the objectives of target tracking

because the hull extent will always correspond to a sizeable

part of the vessel, which will be complete along the horizontal

direction. Therefore, tracking the hull extent is equivalent to

tracking the original maritime vessel.

A. Horizontal Fourier based Model

The first step towards the full three-dimensional ship hull

extent model is to model any horizontal slice of the hull, which

will be referred to as a two-dimensional hull.

Let us fix a height level h ∈ [0, H], then the radius function

for the corresponding two-dimensional hull is denoted by

f(θ) = F (θ, h).
Since the extent model should be general and it should not

depend on a particular discretization of the extent boundary,

the even radius function f(θ) is approximated by its truncated

Fourier series of order Nf , which is given by

f(θ) ≃
A0

2
+

Nf−1
∑

n=1

An cos(nθ) , (2)

or rewritten in vector form as

f(θ) ≃ g(θ)TA , (3)

with

g(θ) =
[

1

2
cos(θ) cos(2θ) · · · cos((Nf − 1)θ)

]T
(4)

A =
[

A0 A1 A2 · · · ANf−1

]T
. (5)

Equation (3) states that the approximation of the radius

function f(θ) is completely determined by the value of the

Fourier coefficient vector A.

Fig. 2 shows examples of simulated two-dimensional hull

examples (Fig. 2a), their radius functions (Fig. 2b), and their

associated Fourier coefficients (Fig. 2c). Since the radius func-

tion is a positive function, the Fourier coefficients will form an

alternating sequence of Fourier coefficients An, and any trun-

cated Fourier series will lead to an extent approximation that

oscillates around the true hull shape as illustrated in Fig. 2d.

The oscillations may be mitigated by considering a sufficiently

large number of Fourier coefficients. However, choosing such

a strategy is unfortunate because two-dimensional hull shapes

are not so diverse as to justify such a high dimension in the

extent model parameter space.

PCA ([5]) is therefore used on a simulated set of two-

dimensional hull shapes in order to ensure a low parameter

space dimension, while achieving a sufficiently accurate extent

approximation. The dataset is composed of hulls of different

shape types, which are illustrated in Fig. 2a. Many examples of

these ship hulls are generated by sampling different values of

the variables L, B, S, and D, which correspond to the length

of the hull, its width, the width of the stern and the point along

the longitudinal axis where the hull is widest. The meaning of

these variables are illustrated in Fig. 3, and table I contains the

range of the chosen variable values. The length of the hull L
has been selected as a normalizing unit for the data set of two-

dimensional hulls, and it is treated as a measure of the scale

of the hull extent. For the PCA the length is assumed to be

unity, and the results from the PCA will be later corrected by

scaling them with the length L. Ideally, L should then only

take the value of 1.0 for every hull in the data set, but the

range from 0.8 to 1.2 was chosen in order to compensate for

possible estimations errors in the length of the vessel when

performing tracking.

TABLE I: Two-dimensional hull data set

Variable ranges
L W/L D/L S/W

Min 0.8 0.2 0.2 0.2
Max 1.2 0.8 0.8 0.8

The total number of generated two-dimensional ship hull

models is 4375. For each two-dimensional hull, the Fourier

coefficient vector A for the truncated series with Nf = 64
components is calculated. The number of frequency compo-

nents Nf = 64 was chosen because this number of compo-

nents is sufficiently large to provide an accurate approximation

of the hulls, and the number is a potency of 2, which enables

fast Fourier transform computations.

The PCA is applied to the set of generated Fourier co-

efficient vectors A. Fig. 4 shows the absolute value of the

correlation coefficients between these vectors. Since there are

non-negligible off diagonal correlations between the Fourier

coefficients, the PCA may provide a sufficient approximation

to the set of Fourier component vectors with a reduced number

of parameters.

For a fixed number of principal components NPC with

NPC ≤ Nf = 64, the PCA approximates the data set of Fourier

coefficient vectors A by an affine space of dimension NPC of

the form

A ≃ µ+Me , (6)
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(a) Body coordinates.
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(c) Fourier coefficients.
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(d) Body coordinates of the truncated Fourier series approxima-
tion with Nf = 16.

Fig. 2: Two-dimensional ship hull examples.
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Fig. 3: Geometric meaning of the variables L, W , D and

S used for generating the data set of two-dimensional hull

extents.
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Fig. 4: Absolute value of correlation coefficients between

the Fourier component vectors A of the generated two-

dimensional hulls.

where µ is the mean of the considered Fourier coefficient

vectors, M is a Nf by NPC matrix, whose columns are the

NPC eigenvectors associated to the largest eigenvalues of the

data set covariance matrix, and the vector e is the parameter

vector of length NPC.

By inserting (6) into (3), and by taking into account that the

PCA was performed assuming that the two-dimensional hulls

had unit length, the final two-dimensional hull extent model

is given by

f(θ) ≃ Lg(θ)T (µ+Me) . (7)

The mean vector µ and the component matrix M have been

learned from the generated data set of two-dimensional hulls,

and they are part of the extent model. On the other hand,

the length L and the parameter vector e constitute the extent

parameters, and their values characterize the particular two-

dimensional hull.

Fig. 5 illustrates some details of the Fourier and PCA based

extent model for two-dimensional hulls. Fig. 5a shows the

extents associated to the mean µ and to the two first principal



components in M. Note that the first principal component

mostly captures the details of the sides of the extent, while

the second principal component captures the details of the

bow and the stern. Fig. 5b compares the extent approxima-

tions for the PCA based model (7) and the direct truncated

Fourier series (3) for a particular hull example using the same

number of parameters. The PCA based model provides a better

approximation to the true extent and with less oscillations than

the truncated Fourier series, and this is the general case and

not only for this particular example.
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(a) Body coordinates associated to mean µ of data set (blue)
and body coordinates associated to the first and second principal
components (orange and green, respectively).
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(b) Two-dimensional extent example (blue), its corresponding
truncated Fourier series approximation with Nf = 4 (green)
and its PCA approximation with NPC = 4 (orange).

Fig. 5: The two-dimensional Fourier-PCA extent model.

B. Three-dimensional Model

The final three-dimensional extent model for ship hulls

is constructed by intertwining the two-dimensional ship hull

model developed in the previous subsection (7) along the

vertical direction using a finite number of basis functions

on the interval [0, H]. Let h0(h), · · · , hNh−1(h) denote those

basis functions.

In contrast to the diversity that ship hulls may present along

any horizontal plane, these extents do not vary as much along

the vertical direction. In most cases, any vertical section of the

hull side walls above the waterline will give curves that seem

parabolic and may be parameterized with a low number of

parameters. Therefore, no PCA or similar parameter dimension

reduction technique is applied along the vertical direction.

Hence, the deviation between the extent radius function

F (θ, h) and the radius function defined by the mean µ,

i.e g(θ)Tµ, is approximated by a linear combination of all

possible products between the principal components from the

PCA, i.e. the columns of M, and the basis function hi, which

gives

F (θ, h)/L− g(θ)Tµ ≃ g(θ)TMEh(h) (8)

⇒ F (θ, h) ≃ Lg(θ)T (µ+MEh(h)) , (9)

where

h(h) =
[

h0(h) · · ·hNh−1(h)
]T

. (10)

and E is a NPC by Nh matrix.

Equation (9) provides the three-dimensional ship hull extent

model. Once again, the mean vector µ and the principal

component matrix M are part of the model, and their values

have been learned from analyzing two-dimensional hulls. The

parameters of the three-dimensional model are the length of

the ship L and the matrix E. In particular, the extent model

depends on NPC ·Nh + 1 parameters.

There are many options for the basis functions hi. However,

we once more insist on using representations that do not

depend on a particular discretization of the interval [0, H].
Furthermore, due to the parabolic nature of vertical sections

of hull walls, polynomial basis functions are chosen. More

precisely, Chebyshev polynomials of the first kind combined

with a linear transformation from the interval [0, H] onto the

interval [−1, 1] are selected. Hence, the basis functions used

in this paper are given by

hi(h) = ci

(

2h

H
− 1

)

, (11)

where

c0(u) = 1 (12)

c1(u) = u (13)

ci(u) = 2uci−1(u)− ci−2 for i ≥ 2 , (14)

h ∈ [0, H] and u ∈ [−1, 1].
In order to study the accuracy of the extent model as a

function of the number of principal components NPC and the

number of basis functions Nh, a data set of three-dimensional

computer-aided design (CAD) models of maritime vessels was

collected. This set consists of 198 maritime vessels, whose

CAD models were open access and available in the software

Delftship. The collected data set covers many different ship

types and sizes. However, it should be noted that the vessel

examples are biased towards large ships, such as container

ships. A considerable amount of manual work was necessary

to extract the hull from these models and to simulate realistic

waterlines, as every model not only represents a different

vessel, but it was also designed by a different author with



different design choices. For every CAD model, three different

waterline levels were simulated, and the three-dimensional

model in (9) was applied to approximate the vessel’s hull.

For each combination of CAD model and waterline level,

the approximation error E is the mean of the deviation

between the actual radius function Ftrue and its approximation

Fest over a discretization of [−π, π]× [0, H], i.e.

E =
1

Nd

Nd
∑

n=1

|Ftrue(θn, hn)− Fest(θn, hn)| , (15)

where {(θn, hn)}
Nd

n=1
is a fine discretization of [−π, π] ×

[0, H]. Moreover, the overall mean error is the mean of the

approximation error E over all possible combinations of CAD

models and waterline levels.

Fig. 6a shows the mean error of the radius function approx-

imation for different values of NPC and Nh. We observe that

considering up to 5 principal component gives the best return

in terms of accuracy. Of course, the higher the number of

parameters is, the better the approximation becomes. However,

in our experience, an extent model with NPC = 5 and Nh = 3
already gives very good approximations to the actual extent.

Fig. 6b shows an example of such approximation in body

coordinates.

The three-dimensional extent model with NPC = 5 and

Nh = 3 has 16 parameters. This number is comparable to

the number of parameters needed in two-dimensional general

extent models found in the literature (see e.g. [1] or [7] or

[9]), and it is considerably less than the number of parameters

used in other general three-dimensional extent models (see e.g.

[2]).

III. CONCLUSIONS

Modeling the extent of maritime vessels with a low number

of parameters is a challenging task due to their great variation

in size and shape and due to the presence of superstructures.

In this paper, it has been shown that if the modeling task is

restricted to the hull of the maritime vessel, then it is possible

to derive a three-dimensional ship hull model that depends

on a low number of parameters and that provides sufficiently

accurate approximations to the true extent. The number of

parameters used is comparable to the number of parameters

used in general two-dimensional extent models found in the

literature.

The three-dimensional model is constructed by intertwining

a frequency representation modified using PCA along the

horizontal plane with a basis of polynomial functions along the

vertical direction. These polynomials are based on Chebyshev

Polynomials of the first kind. Although, the initial results for

this extent model are promising, it remains to be seen whether

other representations along the horizontal or vertical directions

may provide a better three-dimensional extent model.

In order to test the quality of the current three-dimensional

extent model and future others, a larger and unbiased set of

three-dimensional ship CAD models for validation needs to

be developed.
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(a) Mean error of radius function approximation for different
values of NPC and Nh.
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shown in green) and its approximation using an extent model
with NPC = 5 and Nh = 3 (blue and red surface).

Fig. 6: Three-dimensional ship hull extent model.
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